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PREFACE. 



This work is a development of the in- 
finitesimal calculus as far as the first 
differentials of algebraic functions of one 
independent variable and their correspond- 
ing integrals. That is to say, it is re- 
stricted to the absolute rudiments of the 
science. Within these narrow limits how- 
ever, the treatment is tolerably full, and 
suffices to show how far-reaching a mathe- 
matical instrument the Calculus is, even in 
its elementary steps. 

This seems to the author to be the best 
way of communicating a working knowl- 
edge of the science; namely, to teach a 
few elementary rules and then put them 
into immediate use, as far as they will go. 
The student then recognizes the necessity 
of the more advanced steps. 

Very little is said at the start about the 
logical basis of the science. The few re- 
marks which it seemed necessary to make 
upon this topic are reserved for the final 
chapter. It seems wise to the author in 
any art or science to learn the practical 

5 
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process first, and the theory, or reason why, 
afterwards, taking every thing for granted 
in the mean time, more particularly when, 
as in the calculus, the theory is somewhat 
perplexing. 

The theory is much better approached 
after the student's confidence in the prac- 
tical outcome of the thing has been fully 
established by actual work. Indeed in this 
way, he is liable to pick up a good deal of 
the doctrine as he goes along, and the 
knowledge of it that he thus acquires will 
guide him to what he still lacks. The 
recognized need will point to the best line 
of investigation. 

A number of authorities have been con- 
sulted in the preparation of these few 
pages, while adopting a somewhat differ- 
ent treatment from any of them. Most of 
the examples are selected. 

Those who wish to pursue the study of 
the calculus in its more advanced devel- 
opments, will find many admirable text 
books, both American and English, in 
which the subject is treated exhaustively. 

Yonkers, April, 1896 e 
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CHAPTER I. 

Differential Calculus. 

The differential of the first power of 8 
variable x, which may be considered as 
representing the varying length of a 
straight line, is an infinitely small incre- 
ment, smaller than any quantity that can 
be expressed in figures, added to such vari- 
able. It is expressed thus: dx. This ex- 
pression is not to be regarded as the 
product of two factors, but simply as an 
infinitesimal linear quantity, expressed in 
terms of the variable. 

This quantity dx, is a purely imaginary 
one, and has no numerical value. If we 
have, however, two such differentials dx, 
dy of two variable quantities, x and y for 

example, the fraction -=- indicates an act- 
dy 

ual ratio, which may receive a numerical 
value. Later on it will be seen what im- 
portant practical results are derived from 

dx 
the ratio, -7- of two differentials. But it 
dy 
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must be clearly understood from the start 
that the expressions dx, dy y dz 9 etc., are 
merely mathematical figments used as 
auxiliaries only in bona fide calculations. 

To convey a more definite conception of 
this rather indefinite subject, we may, 
perhaps, borrow an illustration from an- 
other science, and say that the differential 
dx of a straight line represents its indi vis- 
able atom. Its molecule or indefinitely 
small material particle may be separated 
by algebraic methods, just as any material 
substance may be physically divided by 
mechanical means into indefinitely small 
parts. But the atom can only be isolated 
by chemical processes, and is itself intang- 
ible and invisible, although ratios may 
be established between different atoms 
from which the actual weight of substances 
may be deduced. In the case of the math- 
ematical atoms, the differential calculus is 
the solvent, and positive numerical results 
flow from their mutual relations. 

The differential of a variable quantity is 
the difference between its value after and 
before the variable has received its in- 
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finitesimal increment dx. Thus, if the 
variable quantity be x*, which represents 
a surface, then x after receiving its incre- 
ment becomes x + dx, and the variable 
quantity becomes (x -f- dx) 7 . Developing, 
we have x* -f- 2x dx -f- dx 1 . Subtracting 
the primitive value x', from this we have 

x* + 2x dx -\- dx 2 
-x 7 



2x dx -f- dx* 

The term dx* is neglected for reasons 
presently to be stated, and we have for the 
differential of the variable quantity x 1 the 
following expression: 

dx 7 = 2x dx. 

To understand why dx 2 is neglected, 
let us take numerical values, and assume 
x — 4 in the above equation. Then x* = 
16. Let us now add the small finite in- 
crement 0.10 to x. We then have (4 -f 
0.10) 3 = 16 + 0.80 + 0.01. It will be 
seen that 0.01 the square of 0.10 is very 
small in comparison with 0.80. But let 
us make the increment still smaller, thus: 
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(4 + 0.001) 2 = 16 + 0.008 + 0.C00C01. 
The third term has now become not only 
smaller actually, but smaller relatively to 
to the second term. The smaller we make^ 
the increment, the more insignificant and 
therefore negligible does its square be- 
come. The artifice employed in the cal- 
culus consists in supposing the increment 
dx to be smaller than any expressible quan- 
tity. The existence of a still smaller one, 
of the same kind, its square namely, would 
be inconsistent with the hypothesis, and it 
is therefore not only negligible, but must 
be discarded to conform to the premises. 

The expression which we have just been 
considering may be represented graphi- 
cally, thus: (Fig. 1) in which x 1 is the 
primitive area, and 2x dx is the differ- 
ential of x*, or the increment of area 
which corresponds to the increment dx of 
the variable x. The small square in the 
right hand upper corner is the discarded 
inifinitely small quantity of the second 
degree, namely dx*. 

Without at present going further into 
this investigation we will at once deduce 
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the single general rule by which all vari- 
able quantities of the class mentioned in 
the preface may be differentiated, call- 
ing attention afterwards to the several 
special rules which may be formed from it 
in special cases. 

RULE. 
Multiply the expression containing 
the variable by the exponent of the 
variable, diminish the exponent by 
unity, and multiply by the differ- 
ential of the first power of the vari- 
ABLE.* 

In applying this rule, the following nota- 
tion will generally be observed : Roots will 
be expressed by fractional exponents, and 
fractions by negative exponents. Thus : 

^/x = x* 
*/x a = X* 

X 

a _& 

7* = ax 

* The words " differential of the first power of the vari- 
able " are used instead of "the differential of the variable '' 
in order to avoid confusion between the differential of a 
variable quantity and the differential of the variable. The 
differential of the variable quantity, x8, is 2x dx, the 
differential of the variable is dx. 
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As to the negative exponents of frac- 
tions it may be remarked, that it amounts 
to reducing the vulgar fraction to a deci- 
mal. Then, since the exponent of a power 
is its logarithm, its index naturally takes 
the negative sign. 

The above notation is very convenient. 

For instance : 

^/a fa = a$a* = a§ = \/a* 

V? = a i~l= a l= y a 
fa 

l — = a? * — a* — f \ a 
fa 

etc., etc. 





Examples. 


1.. 


. . dx* — 2x dx 


2... 


. d a x s = 3a# a dx 


3.., 


dx 2 2x 7 
— ^ = — dx 



4.... dab vV = d.ab y* = 3 a ~ yi dy 

h....da^/y = day^ = a y- Ul y = a Jk 

•I 2yl 
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6.... dL= dx' 1 = —x~ 2 dx = Z^ 

X X 2 

7.... d -=daij-i= — * ay'^dy 

_ _ Sady * 

~2yi 

If there are several terms containing 
variables joined by the sign -f or — , the 
differential of the expression is the alge- 
braic sum of the differentials of each term, 
separately differentiated. If the expression 
contains a constant term it disappears in 
the differentiation, because a constant has 
no differential. Thus: 



8.... d(ax* + byh- c 4) = tax dx + h JiL 

v [Co z*i *yh 



+ 2 z i 



9.... d(ax 2 + y 3 + b) = 2 ax dx + 3y 2 dy. 

If there are two or more variable factors 
the differential of the expression is the sum 
of the differentials of each multiplied by 
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all the others, that is, the permutation of 
factors and differentials, thus: 

10.... d a x y = a y dx + ax dy. 

11.... d a b x 2 y$ = 2 ab y\x dx 
+ iabx 2 y$dy. 

12.... d* = dxy-*=^ 

y V 

_ y dx — x dy 

13 d x = ( x — y ) _ _ — _ (jg + ^y) 

__ y dx — x dy 

U....d"+ ( L£ = dax-*+ d -y*- 
x 3 b b 

2 y dy 3 a dx 

T~~ x^~ 

lo....d^=-dax-i=: 2 ^ 



> X* 



We may now deduce certain special rules 
for differentiation. From (4) and (5) we 
see that. The differential of the square 
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root of a variable is the differential of the 
variable divided by twice the radical. 

From (12) and (13) we see that: The 
differential of a fraction is the differential 
of the numerator into the denominator, 
minus the differential of the denominator 
into the numerator, divided by the square 
of the denominator. 

Also from ( 6 ) and ( 3 ) ; if the nume- 
rator of the fraction is constant the 
differential of the fraction is minus the 
numerator into the differential of the 
denominator, divided by the square of the 
denominator; and if the denominator is 
constant, the differential of the fraction 
is the differential of the numerator divided 
by the denominator. 

A compound quantity raised to a power 
may be developed according to its power 
and each term differentiated as already 
shown, but it will be easier to treat the 
quantity in the parenthesis as a simple 
variable, thus: 

I6....d(a + bx + cx*)* = 5(a + bx + cxy 
(b + 2 c x) dx. 

Digitized by VjOOQIC 



16 

*„ 2 a = § otxdx 

-• (p + x y ~~ ( j» + ^ 

18... rf- X -~ * & 



(] + O* (1 + «*)! 

19.... d x* (a + &*?*)* = Sx* (a + fa?") 8 
cfe + 10 J* 4 (« + bx 2 )* dx. 



20.... d 



v*_ ___ x (3 + g) <fc 



(1 + *) 3 (1 + *)» 



So far isolated expressions only have 
been considered. But these expressions 
are meaningless as they stand, and to 
render them complete they must be 
equated with another variable, thus: 

y — a-Yx; y=a — x; y = ax; y = - ; 

i •& 

y = aj m / y = x n 

In such equations the variables, x and y, 
are said to be functions of each other, 
because if we attribute different values to 
one, the value of the other is correspond- 
ingly changed. Thus, if when y = ax, we 
attribute a definite value to x, we deduce a 
corresponding one for y, and vice versa. 
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If the value of x is arbitrarily assumed, it 
is said to be the independent variable, and 
y the dependent variable, and vice versa. 

The above equations, and all others of 
which they are the types, are differentiated 
in the usual way,- thus: 

y = {a -f- x) 8 ; dy = 3 (a + x)* dx . . (1) 

The second equation (1) is called the 
differential equation of the first. Divid- 
ing both sides by dx, gives 

| = 3 (« + «)■ . . . (2) 

The right hand member of this equation 
(2) is called the differential coefficient of 
the expression. As already mentioned, 
the differential coefficient plays a most 
important part in the operations of the 
calculus, as will be presently seen, but it 
will be well to say a few words more, in 
this place, of this matter. 

The meaning of such equations as y = a 
-\-x', etc., is simply this: that y is a func- 
tion of x; and when we differentiate, and 
obtain in the above case dy = '2x dx, we 
find what infinitesimal change comes over 
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the function y, when the independent 
variable x, receives the infinitesimal incre- 
ment dx. 

Thus, in the above example, of which the 
graphic representation is given by fig. 1, 
the expression means that y = surface 
represented by sc\ The differential equa- 
tion dy = 2x dx means that when the side 
of the square receives the infinitesimal 
increment dx, and becomes x + dx, the 
resulting infinitesimal increment of the 
surface, dy, is equal to twice the side of 
the primitive square, multiplied by the in- 
crement dx. 

The differential co- efficient is in this 

case, -¥- =z 2x, and is the constant finite 
dx 

value of the ratio of the infinitesimal 
increase of surface, to the infinitesimal 
increase of side. In general : The differ- 
ential coefficient is the ratio of the in- 
crease of the function to the increase of 
the variable. 



d by Google 



CHAPTER II. 

Integral Calculus. 

This is the reverse of a Differential Cal- 
culus. To revert to our previous chemical 
illustration, it is the crystalization of the 
disintegrated atoms, back to their primi- 
tive forms. 

Integrating a given differential equation 
consists, therefore, in going back to the 
primitive function from which it was de- 
rived. Thus, if dy = 2 x clc is the dif- 
ferential equation of y = x\ then y — 
x* is the integral, or primitive function, 
from which dy = 2x dx was derived. 

Evidently, to integrate any expression 
we might, by "trial and error," find an- 
other one which, when differentiated ac- 
cording to previous rules, would reproduce 
a given expression. But this would be 
tedious and quite unnecessary. We have 
only to reverse the rule for differentiation. 

19 
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Thus, the general rule for the integration 
of monomials is as follows: 

KULE. 

Increase the exponent of the varia- 
ble QUANTITY BY UNITY; DIVIDE BY THE 
EXPONENT THUS INCREASED AND BY THE 
DIFFERENTIAL OF THE FIRST POWER OF THE 
VARIABLE, AND ADD THE SYMBOL OF A 
CONSTANT. 

The constant is added because in differ- 
entiating we drop the constant if there is 
one. There may or may not be one in the 
original expression, so we add the symbol 
C in the existence of a doubt. In any 
given case the conditions of the problem 
will show whether or no there is a con- 
stant ; if there is one, its value can readily 
be deduced. 

The sign of integration is I . Therefore 

f to denote the integration of the differential 
equation dy = x* dx> we write : 

x* dx = — + C. 
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To determine the fact of there being, or 
not, a constant, we refer to the original 
equation. Thus, to integrate the differen- 
tial equation to the right line, we 

have y = I a dx-\- C. Then, if the line 

passes through the origin, x — o y; — o 
and consequently C = c . If the line does 
not pass through the origin, but, when 
x — o, intersects y at the distance b, from 
the origin, then c = b. This point will be 
more fully developed later on. 

If there are constant factors in the dif- 
ferential equation, they may be put outside 

of the sign I , for, as they were not affected 

by the differentiation, neither will they be 
by the integration. Thus: 

J ab x* dx — ab i x 2 dx — ^-^- + C. 

The general rule fails only for dy = -^ for 

/x° 1 
dx.x- 1 = — — = - = oo 
() 

This special case enters into the logarith- 
mic functions, which we are not now con- 
sidering. 
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Examples. 



= ajx l clx = y- as 8 + C 
f <fe _ 1 .p 



From (3) we see that: 2%e integral of 
the differential of a variable divided by the 
square root of the variable, is twice the 
square root of the variable. 

Compound quantities are integrated 
upon the same principle of reversing the 
operations of the differential calculus, that 
is to say, we take the algebraic sum of the 
separate integrals. Thus, if 

dy = adx y + X s dx; we have 

y=afdx — bf~+fx*dx 
y = ^ + — + - X s + C 

If the differential equation be a poly- 
nomial of the form dy — (b x -f cx*) n 
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dx, n being a positive whole number, 
we may develop the parenthesis according 
to the indicated power, multiply each time 
by dx and integrate the separate terms. 
Thus: 



y=f(l + 2x + 3a 2 ) 2 



dx 



10 9 

= x + 2x* + -z- x s + 3x* + -x* + G 
o 5 



The expression within the brackets may, 
however, be more conveniently treated as 
a simple variable, precisely as was done 
in the differential calculus, whenever 
the complete differential of the quantity 
within the bracket, with or without a con- 
stant factor, stands outside of it as a multi- 
plier. In such cases, we can integrate the 
expression by increasing the exponent of 
the polynomial by unity, dividing by the 
exponent so increased, and by the complete 
differential of the variable quantity within 
the brackets. This, process differs from 
the general rule for monomials, only in 
that we divide by the complete differential 
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of the variable quantity, instead of only 
the first power of the variable. 

4..V f(a + bx>)>xdx = i^± b pl 
*/ o b 

5 . . . 3 J {ax + x 2 ) 2 (adx + 2 aafo) = 

(ax + x 2 ) a 

6 . . . / (a 2 + a?)* xdx = I(rf +a *)t 

w r x dx c -. / o x -i 

8, Aa + teny^-tdb = .( a + ton )1* 1 



Digitized by VjOOQIC 



CHAPTER III. 

Applications op the Differential 
Calculus. 

Having now learned how to prepare the 
simpler elements of the calculus, it will be 
in or:l( r to see what practical use can be 
made of them; what problems unsolvable 
or solvable only with difficulty by the 
ordinary processes of algebra and geome- 
try, can be readily overcome by the aid 
which the calculus brings to their solution. 

These problems will present themselves 
under three forms ; those which belong to 
the differential calculus, those which be- 
long to the integral and those which re- 
quire a combination of the two. And 
first, for those which are solved by the 
differential calculus alone. 

Problem. — In the equilateral triangle 
A, B, C (fig. 2), what is the constant re- 
lation between the altitude y and the 
side x? 

y* =**-{¥) =-h- • • • (1) 

25 
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Differentiating: 

2y dy = ~x dx 

dy = - — dx 

The right hand member contains the 
two variables x and y, and the differential 
dx. It is necessary to make it homogeneous 
as regards x and y, and we must therefore 
express y in terms of x. This can be read- 

x 
ily done from (1) which gives y = — ^/ 3. 

Therefore — 

cfy = — - dx 

is the differential equation. The differ- 
ential co-efficient, which expresses the 
desired ratio is: 

dy __ 4/3 
dx ~~ 2 

This is the constant relation between the 
infinitely small values dy and dx. But 
this relation once established between these 
infinitesimals, holds good for all finite 
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values also. Therefore, if x should uni- 
formly increase at the rate of 0.10 per 
second, y would increase at the same time 

fr ft" V « =0.0865, 
2 

It is frequently convenient to express 
this by an equation, using the symbols 
/\ x and /\ y denoting finite numerical 
differences, instead of dx and dy, indica- 
ting infinitesimal ones. The above rela- 
tion would then be: 

A * a 

Giving to /\ x the definite value 0.10, as 
above : 

Here is clearly seen the artifice of the 
calculus, by which when a relation is once 
established between infinitesimal and un- 
calculable quantities, these quantities are 
discarded and their place taken by definite 
values. 

It will not have escaped the observant 
reader that in this problem there was no 
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need to have recourse to any new method of 
calculation, for it was evident at a glance, 
from the well-known properties of right 
angled similar triangles that x and y, or 
any portion of them, would always be 
in the relation of 

The problem was introduced here, how- 
ever, for two reasons; first, that the cor- 
rectness of the results obtained by the 
processes of the calculus might be easily 
recognized by applying them to a case ad- 
mitting of ready verification by ordinary 
means; and secondly, in order to show the 
true sphere of the methods which have 
been studied. 

The aid of the calculus was not needed 
in the above example, because the relations, 

— , 7~ ,'> T» were all equal to a constant 
X /\ X ctx 

numerical quantity. There was no need 

of considering the differential, because the 

differentials were constants. Those who 

pursue the study of the calculus beyond the 
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limits of this little volume, will see that the 
fact that the above equation does not admit 
of a second differentiation, shows that the 
processes of the calculus do not find a fitting 
field for their exercise, although they lead 
to a correct result. The province of the 
calculus is to deal with ratios, which, while 
constant as between the variables, are con- 
stantly changing as to their numerical 
values. But this will be better appreciated 
from an example. 

Problem. — Let the equation to the para- 
bola be 

y* = ax (1) 

Differentiating : 

2 y dy = adx 

d y = a 

dx 2 y 

From (1), y = a^ x %. Therefore, 

d A. = y^ (2) 

dx 2^x ' ' " K} 

Then (2) is the constant ratio of the in- 
finitesimal increase of the ordinate to the 
infinitesimal increase of the abscissa, but 
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it is changing its numerical value by in- 
finite gradations. 

Let definite values now be assigned in 
(2). Let a = 4, and let it be asked, if 
x is increasing at the rate of 2 per second, 
at what rate is y increasing at the precise 
instant of time when x has become equal 
to 9. Proceeding as before : 

Aj/ _ I 

2 3 

Now, while in the example of the equi- 
lateral triangle (Proleni I.) we could get 
exactly the same result more readily by 
algebraic means, the best we can do in 
this case is to come very near to the rela- 

du a/ a . . . , _ 

tion -j- =-- ! —- 9 by a roundabout algebraic 
(lx *Z \f x 

process. Thus: Let x in (1) be equal to 9. 

Then y = 3 */a. Now give to x the small 

increment 0.10, making x = 9.10. Then 

y = 3.01 GG2 +/«,and 

A V __ 16G2 ^/a __ A/a 
/\x~ 10000 ~ 6.017 
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Take a still smaller increment, 0.01, 
making x" = 9.01. Then y" = 3.001666 
4/a, and 

Ay _ 1666 |/a _ j/a 
A x ~ 10000 ~ 6.002 

The smaller we make the increment 
the nearer we get to the exact value : 

dif _ \/a 
dx ~ 6 

But in the first place we remark, that no 
general solution is reached (although it 
might be inferred) for as numerical values 
arc used each case is a special one, and 
secondly, we can never get the increment 
quite small enough for an exact solution. 
By the artifice of the calculus, we assume 
this increment to be infinitely small — rela- 
tively zero, in fact — and then by a process 
which the explanations of the best authors 
have failed to make quite clear to the lay 
mind, a general solution, absolutly £xact, 
is deduced. 

The fact of the need of the calculus in the 
case of the curved line of the parabola, and 
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not in the case of the straight line of the 
triangle, may be graphically illustrated. 
In the case of the equilateral triangle, and 
all others of which it is the type, the figure 
(fig. 3) is represented by the equation to 
the right line, in which the first powers 
only of the variables x and y are involved. 
Giving successive equal increments dx, dx, 
etc., to x, we deduce successive equal incre- 
ments dy, dy etc., to y. The relation is 
constant and equal between all these small 
increments, and x and y, of the main tri- 
angle. 

For the curve, however, the case is dif- 
ferent (fig. 4). Giving successive equal 
increments dx, dx etc., to x, we deduce 
successive unequal increments dy, dy* etc., 
to y. The ratios between dx, dy, dy 1 , etc. , 
obey a constant law of change, and are 
constantly changing their actual, or numer- 
ical vaJue. 

By means of the calculus this case is 
dealt with as readily as the former, where- 
as, dealt with geometrically, an approxim- 
ation only is reached, and by a tedious 
process. 
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Examples. 



1. — If the side of a square increases uni- 
formly at the rate of 3 feet per second, at 
what rate is its area increasing at the in- 
stant when the side = 10 feet? 

Representing the surface by y, we have : 

y = x % 

ax 
By the statement: 

Af=20 

o 

/\y =60 square feet. 

2. — If x increases uniformly at the rate 
of 1 per unit of time, at what rate does 
a -f- 2 x 2 increase when a = -A and x = G ? 

y — a + 2 x* 

ax 
£f=4X6 
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3. — If x increases uniformly at the rate 

of 1 per unit of time, at what rate does 

x* 

— increase when x = 6 and a = 4? 

a 

dy 2 x 

dx a 

4. — The radius of a circular plate of 
metal is 12 inches. What is the increase 
of area when the radius is increased by 
0.001 inch ? 

Area of circle, n r 2 

-f- — 2 n r 
dx 

-Aj/__ 2 x 3-1416 xl2 
A y = 0.0754 

This example could also be readily and 
exactly worked arithmetically, but by cal- 
culus the operations are simpler. 

5. — A cube of metal, of which the edge 
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is 12 inches, receives a linear expansion of 
0.001. What is its cubical expansion ? 

y = x* 

dx 

0.001 x 14 * 

A y = 0.432 

Here too, we have a gain over the arith- 
metical process. 

6. — Let the equation to the ellipse be : 

dy _ B (A — 2 x ;) 



dx 2A |/ a x — « a 

Let A = 10; B = 5. At what rate is 
y increasing at the instant when x = 3 
and A # = ^0 per second ? 

Ay , 5 (lo - G) 

0.20 -20 4/30=9 
A 2/ — 0.0436 per second. 

Our next applications will be very im- 
portant ones, not only in their practical 
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bearing upon the problems of coordinate 
geometry, but also as clearly showing the 
wonderful power of the calculus as an in- 
strument for analytical investigation. 

Problem. — A curve O B (fig. 5 ) being 
given by its equation, to find the direction 
of the tangent at a certain point M, of which 
the coordinates are O P, PM, by determin- 
ing the sub-tangent P T, in terms of the 
abscissa O P = x. 

It will be instructive to see first how 
this might be done geometrically, follow- 
ing, however, the same method of reason- 
ing which is adopted in the calculus. Con- 
sidering the. figure geometrically, it is clear 
that although O B is a curved line, a portion 
of it, MM' could be taken, so small as not to 
perceptibly differ from a straight line. If, 
therefore, we take a small distance P P , 
on the " axis of x" and, either by con- 
struction or calculation determine the or- 
dinates PM, P M', we may consider the 
hypotenuse MM' of the little right angle 
triangle MM R, as very nearly represent- 
ing the little arc of the curve between the 
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two points M and M\ The solution is now 
very simple, for from similarity, 

__ MR x PM 
ri — ~~ M'RT" • ' (L) 

To test this, take the parabola y 2 = 4 a;, 
and let x ( = O P ) = 9. Then y = 6. 
Give # the small increment, PP' = 
/\ a? = 0.01. Then x = 9.01, and y' = 
6.0033. Substituting the values MR = 
0.01 ; MR = 0.00333, and PM = G, in (1), 
we have : 

PT= CX 0^333 = 18 - 018 

The smaller we make /\ x, and the 
smaller, consequently, /\ y,the nearer will 
MM' approach to a straight line, and the 
nearer will our approximation become, 
particularly, if as in the present instance, 
the point M occurs where the curve is nat- 
urally flat. Still, it will always be rec- 
ognized that it is only an approximate 
answer which is obtained, after all. 

Now let us apply the calculus, and as- 
sume dx ( = PP' ) to be infinitely small, 
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and dy ( = M'R ) to be so also. We then 
have, from (1) : 

PT = yJ. • • (2) 

Let us apply this formula to the para- 
bola y l = a x just considered (the coeffi- 
cient a or 4 is immaterial, since it will 
disappear). We have: 

2 y dy = a d x 

dx 2y 

dy a 

a 

But y 2 = ax. Therefore 

a 



If, as in the previous example, we have 
x=9 9 then PT = 18. 

The difference between the geometrical 
method and that of the calculus is that the 
latter gives a rapid and exact method of 
determining the proper ratio of the ele- 
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dx 
ments, hy means of the relation -=— , for 

any point x, y, of any curve. 

Example. — Determine the sub-tangenfc 
for the ellipse, of which the equation is 

y«~=|L(A*-*») . . (1) 

dx __ 2 A 2 y 
dy "~~ B* ( A — fx) 
*> A 2 ?/* 

pt — - y 

~~ B a (A — 2ar) 

To express the value of PT wholly in 

terms of x, substitute the value of y 2 from 

(1). 

PT — - A ' B ' ( Ax -^) - Aa! -^ 
~~ A 2 B* (A — :<5 ar) U- a; 

The subnormal P Q (fig. 6) may be 
found in a similar manner from the simi- 
larity of the triangles MM' R and MPQ, 
to be: 

This differs from the equation to the sub- 
tangent only in the reversal of the ratio. 
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Examples. 

1. — To find the subnormal to the para- 
bola y % = a x. 

PQ= % 

\ 

2. — To find the subnormal to the ellipse, 

T>2 

y* = A , (a* — x') 

PQ = ~(iA~x) 

We may also find the trigonometrical 
tangent T to the curve at the point M (fig. 
5), in the same manner. For calling PT 
the radius = R, and MP the desired tan- 
gent = Tan we have, from similar tri- 
angles : 

Tan= R3L 
ax 

When R = 1, 

Tan= C ^- 
ax 

Example. — What is the trigonometrical 
tangent to the parabola y % — ax? 

T = -£- 

2 x 
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It will fee observed that ia all these 
cases the curve has been considered as made 
up of an infinite number of infinitesimal 
straight lines. Indeed, it may be said 
that, in regard to the class of problems 
which we have been just considering, the 
office of the calculus has been to enable us> 
by an artifice, or mathematical figment, to 
treat curves as if they were straight lines. 
The solution of the problem then becomes 
very easy. 
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CHAPTER IV. 
Maxima and Minima. 

We will now take up a class of problems 
which, from its importance, merits a sepa- 
rate chapter. 

It is in solving problems of maximum 
and minimum values that the utility of the 
calculus as a practical instrument of calcu- 
lation becomes more immediately apparent. 
The student of the calculus will not be 
long in perceiving that, apart from the 
subject we are about to treat, the use of 
the calculus lies in the direction of investi- 
gation, demonstration, and the establish- 
ment of formulae, rather than that of cur- 
rent calculation. The formula once estab- 
lished, by its aid, it is cast aside, like its 
own "differentials," when once their useful 
purpose has been accomplished. 

In the ascertaining of maximum and 
minimum quantities, however, the case is 
different, and there the processes of the 
calculus are freely employed in the solution 
of special cases, which either cannot be 
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sol ved at all by algebraic methods, or can be 
only in a more indirect and intricate man- 
ner. 

When a variable function has a max- 
imum value, it goes on increasing up to a 
certain point, and then decreases. It passes, 
therefore, from a positive to a negative 
state, and to do this, must go through zero. 
At the instant of time — or point in space — 
when its growth is neither positive nor 
negative, but entirely neutral, or zero, it 
has attained its maximum value. The 
same is true for minimum values. 

These facts bring such questions within 
easy reach of calculus processes. When a 
continuously increasing — or decreasing — 
function ceases to vary it has no differen- 
tial, or rather its differential becomes zero. 
In other words, when a quantity is at its 
maximum or minimum value, it cannot be 
increased on the one hand or diminished 
on the other. Its differential, or the infin- 
itesimal quantity by which it might other- 
wise be increased or diminished, must, 
consequently, under the hypothesis, be 
equal to zero. Therefore, we have only to 



d by Google 



44 

establish the statement, in algebraic terms, 
of the condition which it is desired shall 
be maximum or minimum, differentiate it, 
make the differential equal to zero, and 
solve, algebraically, what remains. 

To take a very simple illustration : Let 
it be required to divide a given line into 
two such parts that their product shall 
have a maximum value. 

Let a •=. the whole line, and x one of 
the parts. Then a — x = the other part. 
By the conditions of the question : 

x (a — x ) = Maximum. 
Developing, 

ax — & ,a = Maximum. 

Differentiating and making the differen- 
tial .equal zero: 

a dx — 2 x dx = o 
Dividing both sides by di\ 
a — 2 x •=. o 
a 

Hence, the line must be divided into 
equal parts. 
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Examples. 

1. — Divide a line into two such parts 
that the sum of their squares shall be min- 
imum. 

x 2 + ( a — x ) 2 = Minimum. 
2 x dx — 2 (a — x ) dx = o 
x — a -\- x — o 

a 
x = - 

2. — Find a fraction, x, that shall exceed 
its cube by the greatest possible value. 

x — x s = Maximum. 

dx — 3 x* dx = o 

1 — 3 x* = o 

x = y'J 

It is frequently more convenient to use 
two unknown quantities. 

3. — Among right angle triangles of equal 
hypotenuse, find that which has the great- 
est area. 

Let a = constant hypotenuse, x = one 
side of the triangle and y = the other. 
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We require two equations, which the con 
ditions of the problem give us. 



x> + y' = a* 


. . . . 


(1) 


~- = Maximum . . . 


(2) 


Differentiating (2) : 






y dx + • 


v dy = o 




dx = — 


x dy 

y 




Differentiating (1): 






x dx + y 


dy = o 




dx = — 


y d y 




Equating the two v 


alues of dx 




x dy 


y dy 




y 


X 




x> = 


:y» 





This problem can be easily solved geo- 
metrically by striking a semi-circle on the 
given hypotenuse, which must contain 
all the right angled triangles than can be 
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constructed upon it. The figure will also 
be an admirable graphic representation of 
a maximum value. 

4. — It is required to make a cylindrical 
vessel of given capacity C, with the mini- 
mum quantity of sheet tin. What must 
be the relation between the height h, and 
the radius of the base r ? 



n r s 


*h = C 




(0 


7t r* -{- 2 7r r h ■= Minimum. 


(2) 




r dr + h dr -{- r dh = o 






dh = 


(r -f- h) dr 
r 




From 


00 






• 


dh = 


2h dr 
r 

h = r 





5. — In the right angled triangular field 
ABC (fig. 7) lay off the maximum rect- 
angular plot, x y, one side, x, to stand upon 
the base A B = b. What must be the re- 
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lation between the side y> and the height 
AC = h? 

x y = Maximum .... (1) 
From similar triangles: 

(«) 





h- 

X 


-y - 


6 




From 


(i) 












dx — 


# 


dy 

y 


From 


(2) 












dx 


_ x dy 
y — h 




X 


<iy , 


x dy 






y ■ 


-h ' 

y = 


y 

h 


- — o 



6. — A man in a boat at 13, (fig. 8) wishes to 
reach the point C in a straight line of coast, 
as quickly as possible. The distance AC = 
5 miles ; A B = 3 miles. He can row 4 miles 
an hour, and go on foot 5 miles an hour. 
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At what point D, distant x miles from A, 
should he land and take to his heels ? 

y* — <* = 9 (1) 

y 5 — X __. . ,_ v 

-r--f — -— = Minimum . . (2) 
4 5 

5 dy — 4 dx = o 

From (1) c?y = ^ *%* ? 
Therefore, 

y = 5^ = fiTR 

25 # 3 n , 2 
# = 4 miles. 



7. — There are two lights of relative in- 
tensity, A and B, distant A B = D from 
each other. What point P, from which 
both are visible, distant x from the most 
powerful light A,- receives the least illu- 
mination ? 

As the illumination of a light is inversely 
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as the square of the distance from it, we 
have 

—v -f- 7=r .-i . . Minimum. 

x* ' (D — x)* 



B dx A dx 

(D— x) s \ 

B 



= O 



X = 



(D — a-) 8 it* 8 

DfA 
fB+f/A 



If A= 9;"B = 7, and D 25 miles, 
x = about 13 miles. 

8. — It is required to make up a quantity 
of lumber, of q square feet, into a box and 
cover, which shall have the maximum ca- 
pacity. 

We know already, from the first illus- 
tration, (that of a line so divided that the 
product of the parts shall be a maximum,) 
that the base of the box must be a square. 
It remains to ascertain the height, h. 

2x 2 + Ax h = q . . . . (1) 
ic 2 h = Maximum ... (2) 
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Differentiating (2) 

,. 2 hdx f . 

d/i = . . . (3) 

Differentiating (1) : 
Equating (3) and (4) 



Hence the box must be a cube. 

9. — It is desired to illuminate a circle 
(see fig. 9) of radius R, by an electric ligbt, 
so that its circumference shall receive the 
maximum illumination. At what height, 
»•, should the light be hung ? 

The intensity of illumination at any point 
in the circumference will be directly as the 
sine of the angle A, and inversely as the 
square of the distance A B. 

The illuminating effect therefore, at the 
point A, will be : 

Sin A 

AB 1 
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We have AB =1 V R* + %\ and there- 
fore, by trigonometry Sine A 



V R a + x 2 


Whence : 




Sin A 


X 




AB 8 V R» + 

_ # 


x> x (R» + 


«•> 


(R 2 + cc 2 )f 




Differentiating, etc., 






(R 2 + x*)§ — 3 (R 2 


+ x')i x 2 = 


0. 


Dividing out by (R 2 + x*)i ; 
2a; 2 = R 2 




x - R - 

V 2 


0.707 R. 





If R = 100 feet, a? = 71 feet. 

10. — It is required to build a reservoir 
of capacity = C. It is to be in excava- 
tion, with a concrete bottom and rubble 
masonry side walls. Six inches of concrete 
at the bottom has been deemed sufficient, 
but to cover contingencies, and also to 
allow for the foundations of the retaining 
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walls, etc., 1 foot thickness is allowed in 
the calculation. The form is to be square, 
in plan. Let x = one side of the square, 
interior measurement. Let the cross sec- 
tion of the retaining walls be equivalent 

to - , h being the height of wall. Ignor- 

o 

ing cross corners, and taking 4 a; as the 
total length of wall, what should the 
height, h> be in order to use the smallest 
volume of masonry, both concrete and 
rubble ? 

The capacity, neglecting face batter of 
wall, will be represented by : 

x* h = C (1) 

The total volume of masonry, side walls 
and bottom by: 

-— — + x 2 = Minimum .... (2) 

Differentiating (2) etc. 

4 x h d h -{- 2/i 2 dx + 3 x dx = 0. 

4 x h 
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From (1) 



dfc = _***? (4) 

X 

Equating (3) and (4): 

2h* = x 

From (1) x = -^ 
y/i 

Hence A = 5 J~ = 0.76 V<> 

If c = 1,000,000 cubic feet, h = 12 feet, 
and x = 289 feet, both in round numbers. 

Practically, the dimensions of reservoirs 
are determined by a number of considera- 
tions of which the minimum volume of 
masonry is only one, and generally not the 
controlling one. It is well however, in 
designing such work, to figure out the 
approximate dimensions for minimum vol- 
ume, as a basis to vary from. The calcu- 
lation can only be an approximate one, 
because the depth of foundation and other 
details of construction vary when the work 
is put in execution, and the differences in 
cost of the different classes of work, con- 
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crete, rubble, etc., enter also as disturbing 
elements. 

11. — A column (Fig. 10) of height h, is 
surmounted by a statue of height S, the 
top of which is consequently h -f- &= H, 
from the ground, which is supposed to be 
level. At what point A, distant x from 
the foot of the column, does the statue 
subtend the greatest angle ? 

From the data, AB = V IV -|- x\ and 
A C = V h* -|- x*. It is required that the 
sine of the angle B A C, which is equal 
to the line y, drawn from the point C, per- 
pendicular to A B, and divided by A C, 
shall be a maximum. Therefore, 

y 

y y i -5 = Maximum, .... (1) 

From similar triangles, 

t = *- ; y = _=- S r = — 

S V H 2 + x' V IP + x' 

. Substituting and squaring in (1); we 
have : 

S*x> 



(H 2 + *») (A» + ,.■') 



= Maximum. 
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This will be written in thus: 

S 2 x' z (H 2 + x* ) - 1 (h* -f- x*) ~ 1 = Maximum. 

Differentiating the three factors and re- 
ducing: 

X X ( o\ 

X ~~ (H 2 + x 1 ) ~~JhF+x*) ~~° W 

Finally: 

x = VITX 

This is the point at which the statue 
appears to the best advantage, and if a 
circular railing were put around the col- 
umn, it should have a radius = a/H h* 
It will have been remarked that the 
same process has been used indiscrimin- 
ately, in the above examples, for obtain- 
ing maximum and minimum values. But 
this involved no uncertainty, because an 
examination of the data, would in all cases 
readily show what the converse of the 
, proposition would be. Thus, in example 
(7) when a minimum value was required, 
it would be evident that the position of 
maximum illumination would be as close 
as possible to the more powerful light. 
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Other more complicated cases occur 
where it is necessary to ascertain whether 
there is, or can be, maximum or minimum 
values, or if there be a recurring series of 
such values. These questions are success- 
fully treated by more advanced processes 
than those already investigated, but even 
by the resources already acquired, we are 
able to solve a large class of questions 
either out of the reach of algebraic meth- 
ods, or only attainable by them, after 
tedious and intricate processes. 

In all cases, having obtained a maximum 
or minimum value, its correctness should be 
checked by taking numerical values a little 
greater and a little less than the value ob- 
tained, and comparing them with it. 
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CHAPTER V. 

Applications of the Integral Calculus. 

By means of the Integral Calculus we 
readily solve many problems relating to 
the quadrature of curves, and the cubature 
of solids of revolution. 

Problem. — Let it be required to find the 
area of the plane curve O B (fig. 11) re- 
ferred to rectangular co-ordinates. 

Let P M = y be any ordinate of the 
curve, and O P = x, the corresponding 
abscissa. Let P?' = dx be the differential 
of x, or the infinitesimal increment added 
to it, and M'R = dy the corresponding 
infinitesimal increment of y. Then PP' 
MM' is the corresponding infinitesimal in- 
crement to the area of the curve, and since 
dx and dy are infinitely small, MM' will 
be so also, and will * not differ from a 
straight line. The figure PP MM' is 
therefore a trapezoid, and its area is: 
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But dy dx is an infinitesimal- of the 

ii dy dx _ . , 

second order, consequently , which 

represents the area of the small triangle 
MM' R must be dropped, and we have the 
equation : 

dA = y dx . . . . (1) 

In the above equation, d A is the infin- 
itely small area PP' MM'. But the whole 
area is made up of the sum of these infini- 
tesimal rectangles. Consequently the total 
area, A, is represented by the integral of 
the above differential equation, thus: 

A = f y dx -f- C . . . (2) 

This equation is solved for any given 
curve of which we know the equation, by 
finding the value of y y in terms of x, or of 
dx, in terms of y, and then integrating. 

Thus, to find the area of the parabola 
y 2 = px. Deducing the value of y, and 
inserting in (1); 

d A = p^ xk dx 
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This may be written in terms of x and 
y, thus: 

A = |*y + C 

That is tbe area of the parabola is two- 
thirds the circumscribing rectangle x y. 

To determine the constant, when x= o, 
it is plain that the area, and therefore the 
constant, are also zero. Hence, there is no 
constant in this case. 

Generally we wish to find the area of 
the curve between limits, or between cer- 
tain values of x 9 a and b, for instance. 

The equation is then written: 

A = jr I x* dx 

J a 

In solving the integral, we make x = b, 

and x = a, successively, in the equation 

2 i ». 
A = - p* x* -j- O and subtract one result 
o 

from the other. Thus: 



(ftl-al) 
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If we take take the value of dx in terms 
of dy y we have : 



2 y dy = p dx; dx = 

dA= 2 -^ 
P 



%y dy 
P 



A= lfy* d y 



2y J 2 

A = 3T xy = T ay 

In establishing the above formulae, we 
have made use of the differential calculus 
in preparing the elements, and (2) contains 
the differential dx. But in practice, it is 
not necessary to multiply and divide by 
dx, and we simply write the value of y in 
terms of x, from the equation of the curve 
and then perform the integration, ignoring 
dx. For instance, to find the area of the 
curve. 

2/ = ic B -f- o>x % 

We simply integrate the right hand 
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member as it stands, omitting the multi- 
plication and division by dx;thus: 

In the above, when x = o, A = o. 

12 



7 
When x = a, A =-^-j a 4 



Examples. 

1. — Find the area of y — x* — bx* be- 

b 4, 
tween the limits x = o, x z= b. Am* — 

2. — Find the area of y = 5 -f- (x — 3)£ 
between x = 3, x = 12. ^ircs. 6 3 

In these problems also, we can get an 
approximate solution by algebraic processes, 
from the equation to the curve, working on 
the same general lines as those followed in 
the calculus. 

Thus, to calculate the area of the para- 
bola y 1 = x> between the limits of x = 1 
and x = 4. Give to x = 1 successive 
small equal increments of say, 0.50, and 
calculate the corresponding values of y. 
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Then add the values of y, and multiply the 
sums by 0.50. Thus: 



x = 1.0 . . 


• v 


= 1.00 


= 1.5 . . 


, , 


= 1.22 


= 2.0 




= 1.41 


= 2.5 . . 




= 1.58 


= 3.0 . . 




= 1.73 


=3.5 . . 




= 1.87 


= 4.0 




= 2.00 



10.81 X 0.50 = 5.405 



The true value, by calculus, is 41. By 
taking the increment very much smaller, a 
much nearer approximation to a correct 
result would be obtained. But we would 
never get the increment quite small enough, 
and the smaller it is, the greater the arith- 
metical labor of calculating the successive 
small areas and adding them up. By calcu- 
lus, we assume the value of y dx to be in- 
finitesimal, and then by a few rapid trans- 
formations, re-integrate them. Moreover, 
the solutions of the calculus are general 
for each regular curve, and result in a 
formula which can be used for all curves 
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of the same class without further calcula- 
tion. For instance, we have found that 

for the common parabola the area is — ~^. 

o 

Therefore in the example just worked out 

algebraically, where x = 4 and y = 2, the 

area is — . When x = 1 and y = l, the 
area is — . Between these two values of x 9 

o 

"J Q o 

the area of the curve is — = 4$. 

o 

In the numerical example justgiveu, the 
problem was worked out by the same pro- 
cess as that employed by the calculus, for 
the sake of the comparison. It is worthy 
of note, however, that by calculating values 
of y for intermediate values of x 9 we 
should, in many cases, easily rival the ac- 
curacy of the calculus by algebraic meth- 
ods, although at the cost of greatly increased 
labor. Thus, in the example referred to, 
when it was desired to calculate the area 
of the curve y 2 = x between the limits of 
x = 1 ; x == 4, we would calculate our first 
value of y for x = 1.25, instead of 1, and 
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advanc 


)e to x = 3.75, instead < 


lows: 






x = 1.25; y= 1.118 




1.75; = 1.323 




2.25; =1.500 




2.75; = 1.658 




3.25; = 1.803 




3.75; = 1.936 



9.338 

Multiplying by 0.50, gives for the de- 
sired area, 4.669, almost exactly the result 
given by the calculus, and by taking an 
increment still smaller than 0.50, the result 
would have been still nearer. This curve, 
y % = x 9 is a very flat one, between the 
assumed limits. The sharper the curve, 
the smaller must be the increment in any 
algebraic or geometric calculation of areas. 

Areas of curves may sometimes be found 
in a somewhat irregular way. For instance, 
Mr. Weston, in his " Simple Explanations 
of Engineering Formulae," gives the fol- 
lowing ingenious determination of the area 
of a circle, which otherwise is rather com- 
plicated, and cannot be reached by rules 
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already given. The process may be thus 
v explained: 

Conceive the circle (fig. 12) to be divided 
into an infinite number of concentric rings, 
or zones. The circumference of each one 
of these is 2xtt, x being the radius of 
any one of the concentric circles, and the 
area of each, :lxn dx, dx being the infin- 
itely narrow width of each. We have 
then, integrating between x — o, x = r: 

d A = 2 x 7t dx, 

A = 27t I x dx 

A = 7z r- 

Problem. — Let it be required to calcu- 
late the volume of a solid, engendered by 
the revolution of a curve of given equation, 
about one of its axes. 

The solid is conceived to be divided up 
into an infinite number of infinitely thin 
slices, taken at right angles to the axis of 
.r, and their common differential equation 
integrated. 

Thus, (fig. 13) the area of any one of the 
thin slices is the area of the circle described 
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by y around the axis o x, and the differen- 
tial of the volume of the solid will be: 

dV = Try* tic .... (1) 

Examples. 

1. — Find the volume of the paraboloid 
.of which the generating curve is y 1 = ax. 

d V = a n xdx 

V — a 7t I x dx 

To express this equation in terms of x 

and y, put x — - - . Then : 

_ n x y 2 
2 
Hence, the volume of all common para- 
boloids is half that of the circumscribing 
cylinder. 

2. — Find the volume of the cone engen- 
dered by the revolution of the right angled 
triangle, y = ax, around the axis of x. 
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y 2 = a 3 cc J 

dV = 7t a* x 2 dx 
Y = 7t a 2 J ic 2 dx 
7T a 2 x s 



3 

Suppose now it were desired to find the 
volume of a solid other than of revolution ; 
a pyramid, for instance, with a square, tri- 
angular or other base. Of course, it would 
not be necessary to recur to the calculus 
for this, because the problem can be readily 
solved by solid geometry, as indeed can 
that of the cone just considered, also. But 
it will be instructive to see how it would 
be necessary to proceed by the calculus. 

It will have been noted that, for the cal- 
culation of both areas and solids, it was 
necessary to know the equation of the fig- 
ure involved. That being given, we were 
able to determine and express, by the dif- 
ferential calculus, the infinitely small area 
or volume corresponding to any value of 
the variable, and then, by the integral cal- 
culus, to find the sum of all such values. 

Now, in the case of the pyramid under 
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consideration, there is no equation, and we 
must devise some means of expressing the 
constant relation of the base to any value, 
x, of the height h. If the base and height 
of the pyramid be given, as in all practical 
cases they would be, the necessary data is 
easily found, because the areas of any cross- 
sections vary as the squares of their dis- 
tances from the apex. Hence, if h be the 
height, and b the area of the base, the area 
of the base b' corresponding to any dis- 
tance x from the apex will be : 



Hence : 



b = -RT 



V d = ~- dx 
h 



dx 



b r h 

Y - b ± 
3 

3. — What is the volume of the prolate 

spheroid, engendered by the revolution of 

the ellipse about its major axis ? 

y , = X'< A "- ;c, > 
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Applying (1), integrating and reducing; 

v = I n x (3 A * x ~ xt) + a 

Taking for limits x — o\ x = A, and 
doubling the result for the volume of the 
whole ellipsoid : 

V= %?rW A 

o 

This is equal to ?3ds the circumscribing 
cylinder. 

If A = B, the ellipsoid becomes a 
sphere, and A = B, becomes radius, R. 
Hence, for the volume of the sphere: 

3 K 
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CHAPTER VI. 

Applications of the Differential and 

Integral Calculus Combined. 

♦ 
These applications comprise the greater 

number of the problems offered for solu- 
tion, including the rectification of curves 
and the surfaces of solids, whkjh will now 
be considered. 

Problem. — Let O B (fig. 14) be a curve 
determined by its equation. It is desired 
to find the length of the arc O M = Z. 

Proceeding as in other examples MM' 
— dz will be the differential of the arc, 
and we have: 

dz = (dx* + dy' 2 )i ... (1) 

Example. — Find the length of the cu- 
bical parabolic curve y 3 — ax 2 . 

Prom the equation, x =- L — 



3 y\ _ M 9t/ M 
dx =— -? r dy\ dxL-+ dy* 
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Substituting in the general equation (1) . 

* = (* *• + %•)' 

-*(> + £)» 

Integrating : 

'=4 (>+£>' + « 

To find the value of C. When y = o 5 
— o. Therefore, C = — — . 
Therefore, 



8a_ 

^7~ 



Pboblem. — To find the quadrature of 
the surface of solids of revolution. 

Let O B (fig. 14) be the generating curve, 
and o x the axis of revolution. In revolving 
MM' the differential of the arc, will de- 
scribe an infinitely narrow belt, which will 
be the differential of the surface. The 
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circumference of the circle of which y is 
the radius, is %ny. Since, by previous 
problem MM' = z = (dx* -f~ <VH> tne 
differential of the surface S of the belt is : 

dS = %ny (dx* + dy*)$ ... (1) 

Examples. 

1. — Find the surface of the paraboloid, 
y a = ax. From the equation : 

dx* =J_y* dyl 
a 2 

dS = 2 -^-y(±y> + a>)ldy 

= g- a (i y* + a') t + C 
When y 

Note.— The student must be warned that aU curves can- 
not be treated as simply as those in the examples. Thus, the 
common parabola, y* = 2pz cannot be rectified as readily 
as the cubical parabola in the above example, but demands 
an indirect process, beyond the scope of the present volume. 
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CHAPTER VII. 

Miscellaneous Applications* 

Centres of Gravity ; Spaces passed 
through by bodies moving with given ve- 
locities; Time required by a vessel contain^ 
ing a fluid to empty itself through an 
orifice in the bottom, etc. 

Problem. — To find the centre of gravity 
of a plane surface, bounded by a curve. 

Conceive the surface to be divided 
into an infinite number of infinitesimal 
trapezoids, perpendicular to the axis of 
symmetry of the figure. These will be the 
differentials of the area, found intheman- 
i_er already described. The moment of 
each, referred to a fixed point on the axis of 
X, will be its infinitesimal area multiplied 
by its distance, x, from such point. The 
moment of the whole area will be equal 
to the sum of the differentials. This sum, 
divided by the total area, will give the 
distance G of the centre of gravity of the 
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surface, from the given point. The gen- 
eral formula is therefore : 



G = 



I x d A 



d A 



Example. — What is the distance of the 
centre of gravity of the parabola y a = ax, 
from the limiting chord? All constant 
factors disappear, and we have : 

/x\ dx o 
v, _-_ = ±X 

x\ dx 



s 



Problem. — To find the centre of gravity 
of a solid of revolution. 

Here it is the differential of the volume 
of which the moment is taken about the 
given point and the distance of the center 
of gravity of the mass from the same 
point, is found by dividing the sum of 
such moments by the total volume. Hence 



C xdY 
fdY 
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Example. — What is the value of G for 
the paraboloid y* — ax? 

■ x* dx 



G 



f 



x dx 



Problem. — What is the space s passed 
through by a body moving' with a given 
velocity v, under the action of a constant 
accelerating force ? 

Let g denote the velocity imparted by 
the constant force in the unit of time. 

Then, in t units of time : 





V 

9 = i 




Since tt 


lis relation is true 


for finite val- 


ues of v and t, it is also true 


i for their dif- 


ferentials, 


and we have: 






dv 


(i) 



In an infinitesimal time, the velocity, 
though constantly changing, is uniform, 
and we have: 

•=* <2 > 
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Hence, 

ds — v dt . . .' . (3) 

Inserting the value. of dt from (1) in (3) ; 

j _ v dv 
~ -J- 

Integrating, 

S = ^g 

Problem.— To find the time a vessel 
will require to empty itself through an ori- 
fice in the bottom. 

When a vessel kept constantly full, dis- 
charges water through an orifice in its 
bottom, its velocity (neglecting resistances) 
is that due to a body falling through a 
height equal to the depth of water in the 
vessel. Its velocity is then, putting s for 
the depth of water : 

v = V 2 g s 

If the area of the orifice be represented 
by a, and the quantity of water discharged 
in a given time t, by Q, we have: 

Q = at V 2 g s 
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If the vessel, instead of being kept con- 
stantly full, is allowed to empty itself, the 
velocity steadily decreases with the depth 
of the water. Let A = the area of the 
descending body of water, which may or 
may not vary according to the shape of 
the vessel. In the infinitely short space of 
time, dt, the volume of discharge is 

dQ = adt \ / %gs 
During the infinitesimal time the sur- 
face of the water has descended through 
the infinitesimal space ds, therefore, d Q = 
A ds, and we have : 

Ads = adt V 2gs * 
Whence : 

dt= A /f_ (1) 

a V 2gs 

Example. — How long will a conical ves- 
sel of height 7t, and radius of base r, placed 
upright with the vertex down, take to 
empty itself through an orifice of area a, in 
the vertex ? 

In this case the area is changing, and at 

any depth x> it equals - r a x . 
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From (1) we have, therefore: 
•re r* rx* dx 



t = 



aV2gXh 2 



Jx m 



-JxUx 



When x = A, 



^ _ 2 ;r r V A 

In the case of a vessel of constant area, 
such as a cylinder, we do not need to re- 
cur to the calculus for a solution of this 
problem, because the mean velocity of dis- 
charge being one-half of that due to the 
depth of water when the vessel is full, and 
as the fall of level is regular, we have 
only to equate the contents of the vessel 

with the area of orifice into ?- to get a sol- 

ution. 

The determination of the center of pres- 
sure of water against a surface, affords a 
good example of the application of the cal- 
culus. 



^r 
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It will be first necessary to establish the 
ground work of the calculation. 

The total pressure in lbs. upon any plane 
surface from the water which presses 
against it is its area in square feet into the 
distance, in feet, of its center of gravity 
from the surface of the water, into G2.5, 
the conventional weight in lbs. of a cubic 
foot of water. Thus, (fig. 15) the total 
pressure against the vertical rectangle 
A BCD from a body of water level with 
its top A D, is its height into its breadth 
into half its height into 02. 5. 

The point of application of this pressure 
passes through the center of gravity of the 
volume of water pressing against the given 
surface, and its direction is normal to such 
surface. In the figure this volume is the 
wedge A B C D E F, and its centre of grav- 
ity, being that of the triangle A E B is 
situated at one-third the height A B, from 
the bottom. Calling AB = A;ADorBC 
= b, and ignoring the multiplication by 
(J2.5, or rather considering the density of 
the fluid as = unity, we have: 
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h* b 
Total pressure, 

Moment of pressure about B C, 
h*b h _h 3 b 

These principles being established, we 
proceed to the following problem: 

Problem. — Find the distance x, of the 
center of pressure upon the vertical trian- 
gular surface, of height h, and base b, 
standing with its apex up and level with 
the surface of the water pressing against 
it. 

The center of pressure passes through 
the center of gravity of the pyramid of 
water, of base bh, and altitude h. To 
ascertain this, we must first find the area 
of base, B, at any distance x from the 
apex. Since the bases are proportional to 
the squares of the distances from the apex, 
and the base at the distance, h, being 
bh, we have: 

b h x* bx % 



B h* ' h 



<Mq\£ 
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The total volume of the pyramid being 
-' we have for the distance 
tre of gravity from the apex : 



ri2 

— ' we have for the distance G of the cen- 
o 





G 


-is 


x s dx 
bh* 
3 


_ 3 x* 
~4 h* 


When x 





h: 

G = 


4-^ 





The centre of pressure is therefore three- 
quarters of the height below the surface of 
the water. 

If now we suppose the position of the 
triangular surface to be reversed, so that 
the base A B of the triangle ABC (fig. 
16) is level with the surface of the water, 
with the apex c down, the conditiou of 
things is entirely changed, so that we can- 
not get the height of the centre of gravity 
of the pyramid A B C D in the same way 
as in the previous example. We must find 
the sum of the moments of all the infini- 
tesimal triangles a b c, etc., about the arris 
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D C, and divide (as before) by the volume of 

the pyramid. We proceed thus: The area, 

A cc* 
a, of any small triangle a b c is —jt-* A 

being the area of the triangle ABC, dis- 
tant D C .-— h, from the vertex D, and x 
being the distance of the triangle a b c 
from the same point. The moment of the 

infinitesimal volume - -^ — about the 
h 

line D C is therefore - — _., — X -#, and the 

sum of the moments of all such volumes is 

— , | x z dx = - — ~ . When x = h 9 

Ah* 

this becomes , and the distance G of 

G 

the centre of pressure is : 

Ah* h 

A h 
3 

It will be instructive to see how these 
results may be reached by algebraic meth- 
ods. Let ABC, BC D, (fig. 17) be the 
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triangle in its two positions. No matter 

what its shape, it may be brought into the 

form shown, merely keeping the base and 

height as given. The sum of the moments 

of the pressure upon the two triangles 

A B C, B C D about C D mii^t be equal 

to that upon the rectaugle ABC D about 

the same line. The moment of the pressure 

upon the rectangle, of area A, we know 

^ _ Ah h AA 5 ,, 

to be — — X — r = — ; — . The moment 
z » o 

of the pressure upon the triangle ABC 
about C, is equal to its area into the dis- 
tance of its centre of gravity below the 
surface of the water, into the sought dis- 
tance, 2/, of the centre of pressure of the 

A h 

water. It is, therefore, — X -^- X y = 

A A y T . , „ 

— — - . In the same way, the moment of 

the pressure upon the triangle BCD 

about C D, is found to be — - . 

o 

Equating, we have: 

A h y . A h x _ A 7i a 



~X 
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Whence, y — h — 2 x . . . (1) 

We now want another equation, in order 
to eliminate y. This is furnished by the 
noteworthy consideration, that the area of 
the two triangles being equal, their mo- 
ments about C D are equal; and since the 
total pressure upon them is equal to the 
distances of their centres of gravity below 
A B, the lever-arms x and y, must be 
inversely proportional to the distances. 
Therefore: 

A 

h 
3~ 
y = 2 x . , . 
Comparing (1) and (2) 

h — 2 x — 2 x 
h 

and, 

h 

This investigation is very instructive, 
and is illustrative of the fact that it will 



— =-— ; = — — . Whence: 

y 



(^) 
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generally, though not always, be found, in 
questions of practical mathematics, that 
the calculus is a convenience rather than 
a necessity. 

The above are a few only, of the many 
problems of applied mechanics that can be 
solved bymeans of the elementary portion 
of the calculus contained in the preceding 
pages. Other more intricate questions, 
particularly those of astronomy, require 
the most advanced resources of the science 
for their solution. 
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CHAPTER VIII. 

Limitations of the Calculus, and 
Difficulties Presented by the Concep- 
tions UPON WHICH IT 18 BASED. 

In the preceeding chapters, the most ele- 
mentary features only of the calculus have 
been developed. Our investigation have 
been limited to the consideration of the first 
differentials of algebraic functions of an in- 
dependent variable and their corresponding 
integrals. Beyond this narrow field lies a 
vast region which we have left unexplored. 
But even these small beginnings have led 
to the solution of many beautiful and inter- 
esting problems, some of which have pos- 
sessed a high degree of practical utility. 

It must be borne in mind however, that 
the true province of the calculus com 
mences where that of algebra and analyti- 
cal geometry ends. It was devised to 
enable investigators of the profoundest 
laws of nature to solve problems which 

Digitized by VjOOQIC 



88 



stubbornly resisted the action of the 
mathematical solvents already at their 
command. By its aid transient, instan- 
taneous values of constantly fluctuating 
functions are caught in the act, and by 
ratios established between far less than 
microscopic atoms, the motions of the 
heavenly bodies, separated as they are by 
vast interstellar spaces, can be accurately 
determined. 

This is as much as to say that its prac- 
tical use in every day calculations is very 
restricted. If eggs are worth one cent 
a piece, the calculus does not help us in 
the least to ascertain how much they are 
a dozen. But if one of the eggs were 
launched into space with a given velocity, 
the calculus would greatly aid us in calcu- 
lating the tangent to the curve which it 
described. 

The reader will have remarked that in 
all the problems relating to tangents, 
areas, and surfaces of curves and the vol- 
umes engendered by their revolution, it 
has always been necessary to know the 
equation to the curve, in order to apply 
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the methods of the calculus. It is power- 
less to give the area of a figure bounded 
by random lines. Such area must be as- 
certained by mechanical means, notably by 
the aid of the planimeter — that wonderful 
mechanical integrator that refuses no 
figure however erratic. The mind must 
therefore be disabused of the idea that the 
calculus furnishes a short cut to general so- 
lutions. To repeat what has been already 
stated, its use is mostly confined to the ex- 
igencies of scientific research, with the 
notable exception of the determination of 
maximum and minimum values. 

Turning from the remarkable results 
achieved by the calculus, to the mathemat- 
ical bases upon which it rests, the algebra- 
ist cannot fail to find them at first sight 
somewhat unsatisfactory. He is confront- 
ed at the start by the curious anomoly of 
an exact science built apparently upon a 
foundation of approximations. The rea- 
sons given for eliminating the higher de- 
grees of the differentials, for instance, 
seem to him specious, not to say artful, 
particularly when, as in the case of the rec- 
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tification of curves, he sees that differen- 
tials are freely squared. He may even 
venture upon the perilous ground of endea- 
voring himself to find some more rational 
method of eliminating superfluous terms 
than that of simply ignoring their exist- 
ence, but ho will find that though he may 
succeed in some special cases, he is unable 
to generalize his methods. On the other 
hand, the more thought he gives to the ap- 
parent anomalies and mathematical fala- 
cies which at the outset so disturbed him, 
the less irrational they appear. He sees 
that the discarding of the square of the 
differential in one case, and using it in an- 
other, rests upon perfectly logical grounds, 
and finally, the triumphant success which 
attends the application of rules thus 
founded, disarms his opposition, and ren- 
ders him indisposed to cavil at the reason- 
ing upon which these splendid results are 
based, particularly when this reasoning 
commends itself to his understanding the 
more closely he studies it. As he advances 
further and further in the science he will 
be disposed to sink all other feelings re- 
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garding it in admiration at the way in 
which by its aid, to use the words of the 
late Professor William Smyth — " Problems 
which, solved by the previous methods, not 
excepting the more effective ones of Des- 
cartes, were tedious and embarrassing, are 
solved by it with the greatest facility ; and 
others, the solution of which entirely 
baffled the skill of the ancient geometers, 
yield at once to its powers." 
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With an appendix on the Theory and Application of 
Colors. 8vo, cloth 4 00 

— Geometrical Drawing. Abridged from the octavo 
edition, for the use of schools Illustrated with 48 
steel plates. Ninth edition. i2mo, cloth 2 00 

MODERN METEOROLOGY. A Series of Six Lectures, 
delivered under the auspices of the Meteorological 
Society in 1878- Illustrated. 121110, cloth 1 50 

MOONEY (WM.) The American Gas Engineers' and 
Superintendents' Handbook, consisting of Rules, 
Reference Tables, and original matter pertaining to 
the Manufacture, Manipulation, and Distribution >f 
Illuminating Gas. Illustrated. i2mo, morocco . . . 3 00 
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MOTT (H. A., Jun.) A Practical Treatise on Chemistry 
(Qualitative and Quantitative Analysis), Stoichi- 
ometry, Blow-pipe Analysis, Mineralogy, Assaying, 
Pharmaceutical Preparations, Human Secretions, 
Specific Gravities, Weights and Measures, etc. New 
Edition, 1883. 650 pages. 8vo, cloth 4 00 

MULLIN (JOSEPH P ., .M.E.) Modern Moulding and 
Pattern-making. A Practical Treatise upon Pattern- 
Shop and Foundry Work: embracing the Moulding 
of Pulleys, Spur Gears, Worm Gears, Balance-wheels, 
Stationary Engine and Locomotive Cylinders, Globe 
Valves, Tool Work, Mining Machinery, Screw Pro- 
pellers, Pattern-shop Machinery, and the latest im- 
provements in English and American Cupolas ; 
together with a large collection of original and care- 
fully selected Rules and Tables for every-day use in 
the Drawing Office, Pattern-shop, and Foundry. 
i2mo, cloth, illustrated 250 

MUNRO (JOHN, C.E.) and JAMIESON (ANDREW, 
C.E.) A Pocket-book of Electrical Rules and 
Tables for the use of Electricians and Engineers. 
Seventh edition, revised and enlarged. With numer- 
ous diagrams. Pocket size. Leather 2 50 

MURPHY (J. G., M.E.) Practical Mining. A Field 
Manual for Mining Engineers. With Hints for In- 
vestors in Mining Properties. i6mo, morocco tucks. . 1 50 

NAQUET (A.) Legal Chemistry. A Guide to the De- 
tection of Poisons. Falsification of Writings, Adulter- 
ation of Alimentary and Pharmaceutical Substances, 
Analysis of Ashes, and examination of Hair, Coins, 
Arms, and Stains, as applied to Chemical Jurispru- 
dence, for the use of Chemists, Physicians, Lawyers, 
Pharmacists and Experts. Translated, with addi- 
tions, including a list of books and memoirs on Toxi- 
cology, etc., from the French, by J. P. Battershall, 
Ph.D., with a preface by C. F. Chandler, Ph.D., 
M.D., LL.D. 121110, cloth. 2 00 

NEWALL (J. W.) Plain Practical Directions for Draw- 
ing, Sizing and Cutting Bevel-Gears, showing how the 
Teeth may be cut in a plain Milling Machine or Gear 
. Cutter so as to give them a correct shape, from end 
to end : and showing how to get out all particulars for 
j be Workshop without making any Drawings. In- 
cluding a full set of Tables of Reference. Folding 
Elates, 8vo., cloth 3 00 



d by Google 



14 D. VAN NOSTRAND COMPANY'S 

NEWLANDS (TAMES). The Carpenter's and Joiners' 
Assistant : being a Comprehensive Treatise on the 
Selection, Preparation and Strength of Materials, and 
the Mechanical Principles of Framing, with their 
application in Carpentry, Joinery, and Hand-Railing ; 
also, a Complete Treatise on Sines ; and an illustrated 
Glossary of Terms used in Architecture and Building. 
Illustrated. Folio, half mor 15 00 

NIBLETT (J. T.) Secondary Batteries. Illustrated. 

i2mo, cloth 1 50 

NIPHER (FRANCIS E., A.M.) Theory of Magnetic 
Measurements, with an appendix on the Method of 
Least Squares. i2mo, cloth 1 00 

NOAD (HENRY M.) The Students' Text-book of Elec- 
tricity. A new edition, carefully revised. With an 
Introduction and additional chapters by W. H. 
Preece. With 471 illustrations. i2mo, cloth 4 00 

NUGENT (E.) Treatise on Optics ; or. Light and Sight 
theoretically and practically treated, with the appli- 
cation to Fine Art and Industrial Pursuits. With 103 
illustrations, wmo, cloth 1 50 

PAGE (DAVID). The Earth's Crust, a Handy Outline 

of Geology. i6mo, cloth 75 

PARSONS (Jr., W. B., C.E ) Track, a Complete Man- 
ual of Maintenance of Way, according to the Latest 
and Best Practice on Leading American Railroads. 
Illustrated. 8vo, cloth 200 

/EIRCE (B.) System of Analytic Mechanics. 4to, 

cloth 10 co 

PHILLIPS (JOSHUA). Engineering Chemistry. A 
Practical Treatise for the use of Analytical Chemists, 
Engineers, Iron Masters, Iron Founders, students and 
others. Comprising methods of Analysis and Valu- 
ation of the principal materials used in Engineering 
works, with numerous Analyses. Examples and Sug- 
gestions. 314 Illustrations. 8vo, cloth 4 00 

PLANE TABLE (THE). Its Uses in Topographical 

Surveying. Illustrated. 8vo, cloth 2 00 

PLATTNER. Manual of Qualitative and Quantitative 
Analysis with the Blow-pipe. From the last German 
edition, revised and enlarged, by Prof. Th. Richter, 
of the Royal Saxon Mining Academy. Translated by 
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Prof. H. B. Cornwall, assisted by John H. Caswell. 
Illustrated with 87 wood-cuts and one lithographic 
plate. Fourth edition, revised. 560 pages. 8vo, 
cloth 5 00 

PL ANTE (GASTON). The Storage of Electrical En- 
ergy, and Researches in the Effects created by Cur- 
rents, combining Quantity with High Tension. 
Translated from the French by Paul B. El well. 89 
illustrations. 8vo 4 00 

PLYMPTON (Prof. GEO. W.) The Blow-pipe. A 
Guide to its use in the Determination of Salts and 
Minerals. Compiled from various sources, ismo, 
cloth 1 50 

POCKET LOGARITHMS to Four Places of Decimals, 
including Logarithms of Numbers and Logarithmic 
Sines and Tangents to Single Minutes. To which is 
added a Table of Natural Sines, Tangents and Co- 
Tangents. 1 6mo, boards 5° 

POPE (F. L.) Modern Practice of the Electric Tele- 
graph. A Technical Hand-book for Electricians, 
Managers and Operators. New edition, rewritten 
and enlarged, and fully illustrated. 8vo, cloth 1 50 

PRAY (Jr., THOMAS). Twenty Years with the Indi- 
cator; being a Practical Text-book for the Engineer 
or the Student. Illustrated. 8vo, cloth 250 

PRACTICAL IRON-FOUNDING. By the author of 
" Pattern Making," etc., etc. Illustrated with over one 
hundred engravings, iamo, cloth 1 50 

PREECE (W H.) and STUBBS (A. J.) Manual of Tele- 
phony. Illustratir ns and Plates. iamo, cloth 450 

PRESCOTT (Prof. A. B.) Organic Analysis. A Manual 
of the Descriptive and Analytical Chemistry of certain 
Carbon Compounds in Common Use ; a Guide in the 
Qualitative and Quantitative Analysis of Organic 
Material:; in Commercial and Pharmaceutical Assays, 
in the estimation of Impurities under Authorized 
Standards, and in Forensic Examinations for Poisons, 
with Directions for Elementary Organic Analysis. 
8vo, cloth 500 

■ Outlines of Proximate Organic Analysis, for the 

Identification, Separation, and Quantitative Deter- 
mination of the more commonly occurring Organic 
Compounds, ismo, cloth 175 
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PRESCOTT (Prof. A. B.) First Book in Qualitative 

Chemistry. Fifth edition. 12010, cloth 1 50 

and OTIS COE JOHNSON. Qualitative Chemical 

Analysis. A Guide in the Practical Study of Chem- 
istry and in the work of Analysis. Revised edition 
With Descriptive Chemistry extended throughout 3 50 

PRITCHARD (O. G.) The Manufacture of Electric 

Light Carbons Illustrated. 8vo, paper 60 

PULSIFER (W. H.) Notes for a History of Lead. 8vo, 

cloth, gilt tops 4 00 

PYNCHON (Prof. T. R.) Introduction to Chemical 
Physics, designed for the use of Academies, Colleges, 
and HI K « Cchools. 269 illustrations on wood. Crown 
8vo, cloth 300 

RANDALL (J. E.) A Practical Treatise on the Incan- 
descent Lamp. Illustrated. i6mo, cloth ... 50 

• (P. M.) Quartz Operator's Hand-book. New edi- 
tion, revised and enlarged, fully illustrated. 12G10, 
cloth 200 

RAFTER (GEO. W.) Sewage Disposal in the United 

States. Illustrated. 8vo, cloth 600 

RANKINE (W. J. MACQUORN. C.E., LLD..F.R.S.) 
Applied Mechanics. Comprising the Principles of 
Statics and Cinematics, and Theory of Structures, 
Mechanism, and Machines. With numerous dia- 
grams. Thoroughly revised by W. J. Millar. Crown 
8 vo, cloth 5 00 

• Civil Engineering. Comprising Engineering Sur- 
veys, Earthwork. Foundations. Masonry. Carpentry, 
Metal-work, Roads, Railways, Canals, Rivers. Water- 
Works, Harbors, etc. With numerous tables and 
illustrations. Thoroughly revised by W. J. Millar. 
Crown 8vo, cloth 6 50 

Machinery and Millwork. Comprising the Geom- 

try. Motions, Work, Strength, Construction, and 
Objects of Machines, etc. Illustrated with nearly 300 
woodcuts. Thoroughly revised by W. J. Miller. 
Crown 8vo, cloth 5 00 

The Steam-Engine and Other Prime Movers. 

With diagram of the Mechanical Properties of Steam, 
folding plates, numerous tables and illustrations. 
Thoroughly revised by W. J. Millar. Crown 8vo, 
cloth 5 00 
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RANKINE (W. J. MACQUORN, C.E., LL.D., F.R.S.) 
Useful Rules and Tables for Engineers and Others. 
With Appendix, tables, tests, and formulae for the use 
of Electrical Engineers. Comprising Submarine 
Electrical Engineering, Electric Lighting, and Trans- 
mission of Power. By Andrew Jamieson, C.E., 
F.R.S. E. Thoroughly revised by W. J. Millar. 
Crown 8vo, cloth 400 

A Mechanical Text-book. By Prof. Macquorn 

Rankine and E. F. Bamber, C.E. With numerous 
illustrations. Cro v ;n, 8vo, cloth 350 

REEDS ENGINEERS' HAND-BOOK, to the Local 
Marine Board Examinations lor Certificates of Com- 
petency as First and Second Class Engineers. By 
W. H. Thorn. Illustrated. >?vo, cloth 4 50 

RICE (Prof. J. M.) and JOHNSO ¥ (Prof. W. W.) On a 
New Method of obtaining the Differential of Func- 
tions, with especial reference to the Newtonian Con- 
ception of Rates or Velocities. i2rao, paper 50 

RIPPER (WILLIAM). A Course of Instruction in Ma- 
chine Drawing and Design lor Technical Schools and 
Engineer Students. With 52 plates and numerous 
explanatory engravings. Folio, cloth 7 50 

ROEBLING (J. A.) Long and Short Span Railway 
Bridges. Illustrated with large copperplate engrav- 
ings of plans and views. Imperial foho, cloth 25 00 

ROGERS (Prof. H D.) The Geology of Pennsylvania. 
A Government Survey, with a General View of the 
Geology of the United States, essays on the Coal 
Formation and its Fossils, and a description of the 
Coal Fields of North America and Great Britain. 
Illustrated with plates and engravings in the text. 3 
vols. 4to, cloth, with portfolio of maps 15 00 

ROSE (JOSHUA, M.E ) The Pattern-makers' Assistant. 
Embracing Lathe Work, Branch Work, Core Work, 
Sweep Work, and Practical Gear Constructions, the 
Preparation ad Use of Tools, together with a large 
collection of useful and valuable Tables. Sixth 
edition. Illust ated with 250 engravings. 8vo, cloth. 2 50 

^ Key to Eng nes and Engine-Running. A Practi- 

cal Treatise up m the Management of Steam Engines 
and Boilers, fc the Use of Those who Desire to Pass 



d by Google 



*8 D. VAN NOSTRAND COMPANY'S 



an Examination to Take Charge of an Engine or 
Boiler. With numerous illustrations, and Instruc- 
tions upon Engineers' Calculations, Indicators, Dia- 
frams, Engine Adjustments, and other Valuable 
nformation necessary for Engineers and Firemen 
iamo, cloth * OQ 

SABINE (ROBERT). History and Progress of the 
Electric Telegraph. With descriptions of some of 
the apparatus, umo, cloth , 25 

SAELTZER (ALEX.) Treatise on Acoustics in connec- 
tion with Ventilation. i2mo, cloth IOO 

SALOMONS (Sir DAVID, M. A.) Electric Light Instal- 
lations. Vol. I. The management of Accumulators. 
Seventh edition, revised and enlarged, with numerous 
ill ustrations. umo, cloth 1#5 o 

SAUNNIER (CLAUDIUS). Watchmaker's Hand-book. 
A Workshop Companion for those engaged in Watch- 
making and allied Mechanical Arts. Translated by 
J. Tripplin and E. Rigg. iamo, cloth 3 50 

SEATON (A. E.) A Manual of Marine Engineering. 
Comprising the Designing, Construction, and Work- 
ing of Marine Machinery. With numerous tables and 
illustrations. 10th edition. 8vo, cloth . . 5 00 

SCHUMANN (F.) A Manual of Heating and Ventila- 
tion in its Practical Application, for the use of Engi- 
neers and Architects. Embracing a scries of Tables 
and Formulae for dimensions of hea tag, flow and 
return pipes for steam and hot-watei boilers, flues, 
etc. 1 2 mo, illustrated, full roan : 

Formulas and Tables for Architects and Engineers 

in calculating the strains and capacity of structures in 
Iron and Wood. 12 mo, morocco, tucks - 

SCRIBNER (J. M.) Engineers' and Mechanics' Coir 

S anion. Comprising United States Weights and 
leasures. Mensuration of Superfices, and Solids, 
Tables of Squares and Cubes, Square and Cube 
Roots, Circumference and Areas of Circles, the Me- 
chanical Powers, Centres of Gravity ? Gravitation of 
Bodies, Pendulums, Specific Gravity of Bodies, 
Strength, Weight, and Crush of Materials, Water- 
Wheels, Hydrostatics, Hydraulics, Statics, Centres of 
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Percussion and Gyration, Friction Heat, Tables of 
the Weight of Metals, Scantling, etc. Steam and 
the Steam-Engine. i6mo, full morocco . . i 50 

SCHELLEN (Dr. H.) Magneto- Electric and Dynamo- 
Electric Machines : their Construction and Practical 
Application to Electric Lighting, and the Trans- 
mission of Power. Translated from the third German 
edition by N. S. Keith and Percy Neymann, Ph.D. 
With very large additions and notes relating to 
American Machines, by N. S. Keith. Vol. 1, with 
353 illustrations 5 00 

SHIELDS (J. E.) Notes on Engineering Construction. 
Embracing Discussions of the Principles involved, 
and Descriptions of the Material employed in Tun- 
nelling, Bridging, Canal and Road Building, etc. 
i2mo, cloth 1 50 

SHREVE (S. H.) A Treatise on the Strength of Bridges 
and Roofs. Comprising the determination of Alge- 
braic formulas for stratns in Horizontal, Inclined or 
Rafter, Triangular, Bowstring, Lenticular, and other 
Trusses, from fixed and moving loads, with practical 
applications, and examples, for the use of Students 
and Engineers. 87 woodcut illustrations. 8vo, cloth. 3 50 

SHUNK (W. F.) The Field Engineer. A Handy Book 
cf Practice in the Survey, Location, and Truck-work 
of Railroads, containing a large collection of Rules 
and Tables, original and selected, applicable to both 
the Standard and Narrow Gauge, and prepared with 
special reference to the wants of the young Engineer. 
Ninth edition. Revised and Enlarged, iamo, mo- 
rocco, tucks , a 50 

SIMMS (F. W.) A Treatise on the Principles and Prac- 
tice of Levelling. Showing its application to pur- 
poses of Railway Engineering, and the Construction 
of Roads, etc. Revised and corrected, with the addi- 
tion of Mr. Laws 1 Practical Examples for setting out 
Railway Curves. Illustrated. 8vo, cloth 2 50 

■ — Practical Tunnelling. Explaining in detail Setting- 
out of the Work, Shaft-sinking, Sub-excavating, Tim- 
bering, etc., with cost of work. 8vo, cloth 750 
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SLATER (J. W.) Sewage Treatment, Purification, and 
Utilization. A Practical Manual for the Use of Cor- 
porations, Local Boards, Medical Officers of Health, 
Inspectors of Nuisances, Chemists, Manufacturers, 
Riparian Owners, Engineers, and Rate-payers. 12010, 
cloth 2 35 

SMITH (ISAAC W.. C.E.) The Theory of Deflections 
and of Latitudes and Departures. With special 
applications to Curvilinear Surveys, for Alignments 
01 Railway Tracks. Illustrated. i6mo, morocco, 
tucks . . 3 00 

(GUSTAVUS W.) Notes on Life Insurance. The- 
oretical and Practical. Third edition. Revised and 
enlarged. 8vo, cloth 2 00 

STAHL (A. W.) and WOODS (A. T.) Elementary 
Mechanism. A Textbook for Students of Mechanical 
Engineering. i2mo, cloth 200 

STALEY (CADY) and PIERSON (GEO. S.) The Sep- 
arate System of Sewerage : its Theory and Construc- 
tion. 8vo, cloth. With maps, plates, and numerous 
illustrations. 8vo, cloth 3 00 

STEVENSON (DAVID, F.R.S.N.) The Principles and 
Practice of Canal and River Engineering. Revised 
by his sons David Alan Stevenson, B.Sc, F.R.S.E., 
and Charles Alexander Stevenson, B.Sc, F.R.S.E., 
Civil Engineer. 8vo, cloth 1 10 00 

The Design and Construction of Harbors. A 

Treatise on Maritime Engineering. 8vo, cloth 10 00 

STILES (AMOS). Tables for Field Engineers. De- 
signed for use in the field. Tables containing all the 
functions of a one degree curve, from which a corre- 
sponding one can be found for any required degree. 
Also, Tables of Natural Sines and Tangents, iamo, 
morocco, tucks 2 oc 

STILLMAN (PAUL). Steam-Engine Indicator and the 
Improved Manometer Steam and Vacuum Gauges; 
their Utility and Application, umo, flexible cloth... 1 00 

STONE Y (B. D.) The Theory of Stresses in Girders and 
Similar Structures. With observations on the appli- 
cation of Theory to Practice, and Tables of Strength, 
and other properties of Materials. 8vo, cloth 12 50 
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STUART (B.) How to become a Successful Engineer. 
Being Hints to Youths intending to adopt the Pro- 
fession. Sixth edition. i2mo, boards 50 

(C. B.)C.E. Lives and Works of Civil and Mili- 
tary Engineers of America. With 10 steel-plate 
engravings. 8vo. cloth s oo 

SWEET (S. H.) Special Report on Coal, showing its 
Distribution, Classification, and Costs delivered over 
different routes to various points in the State of New 
York and the principal cities on the Atlantic Coast. 
With maps. 8vo, cloth 3 oo 

SWINTON (ALAN A. CAMPBELL). The Elementary 
Principle of Electric Lighting. Illustrated, xarno, 
cloth 6 

SWINBURNE (J.) Practical Electrical Measurement. 

With 55 illustrations. 8vo, cloth 175 

TEMPLETON (WM.) The Practical Mechanic's Work- 
shop Companion. Comprising a great variety of the 
most useful rules and formulae u\ Mechanical Science, 
wiih numerous tables of practical data and calculated 
results facilitating mechanical operations. Revised 
and enlarged by W. S. Hutton. i2mo, morocco 2 00 

THOM (C.)and JONES (W. E.) Telegraphic Connections 
embracing recent methods in Quadruplex Telegraphy. 
Illustrated. 8vo, cloth 150 

THOMPSON (EDWARD P.) How to make Inventions; 
or, Inventing as a Science and an Art. A Practical 
Guide for Inventors. 8vo, paper 1 00 

TREVERT (E.) Electricity and its Recent Applications. 
A Practical Treatise for Students and Amateurs, with 
an Illustrated Dictionary of Electrical Terms and 
Phrases. Illustrated. i2mo, cloth 200 

TUCKER (Dr. J. H.) A Manual of Sugar Analysis, in- 
cluding the Applications in General of Analytical 
AJethods to the Sugar Industry. With an Introduc- 
tion on the Chemistry of Cane Sugar, Dextrose, Lev- 
ulose, and Milk Sugar. 8vo, cloth, illustrated 3 50 

TUMLIRZ (Dr. O.) Potential and its Application to 
the Explanation of Electric Phenomena, Popularly 
Treated. Translated from the German by D. Robert- 
son. 111. i2tno, cloth 125 

TUNNER (P. A.) Treatise on Roll-Turning for the 
Manufacture of Iron. Translated and adapted by 
John B. Pearse, of the Pennsylvania Steel Works, 
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with nutaerous engravings, woodcuts. 8vo, cloth, 
« with folio atlas of plates 10 oo 

URQUHART (J. W.) Electric Light Fitting. Embody- 
ing Practical Notes on Installation Management. A 
Hand-book for Working Electrical Engineers — with 
numerous illustrations. 12010, cloth 2 00 

Electro-Plating. A Practical Hand book on the 

Deposition of Copper, Silver, Nickel, Gold, Brass, 
Aluminium, Platinum, etc. 12010 200 

■ Electro-Typing. A Practical Manual, forming a 

New and Systematic Guide to the Reproduction and 
Multiplication of Printing Surfaces, etc. 12010 2 00 

— — Dynamo Construction : a Practical Hand-book for 
the Use of Engineer Constructors and Electricians in 
Charge, embracing Framework Building, Field Mag- 
net and Armature Winding and Grouping, Com- 
pounding, etc., with Examples of Leading English, 
American, and Continental Dynamos and Motors, 
with numerous illustrations. 12010, cloth 3 00 

UNIVERSAL mie) TELEGRAPH CIPHER CODE. 

Arranged fo: General Correspondence. i2mo, cloth., r 00 

VAN NOSTRAND'S TABLE-BOOK. For Civil and 

Mechanical Engineers. i8mo, half morocco 100 

VAN WAGENEN (T. F.) Manual of Hydraulic Mining. 

For the Use of the Practical Miner. i8mo, cloth 1 00 

WALKER (W. H.) Screw Propulsion. Notes on Screw 

Propulsion, its Rise and History. 8vo, cloth 75 

WANKLYN (J. A.) A Practical Treatise on the Exam- 
ination of Milk and its Derivatives, Cream, Butter, 
and Cheese. i2mo, cloth x oa 

Water Analysis. A Practical Treatise on the Ex- 
amination of Potable Water. Seventh edition. i2mo, 
cloth '2 00 

WARD 0- H.) Steam for the Million. A Popular 
Treatise on Steam, and its application to the Useful 
Arts, especially to Navigation. 8vo, cloth 1 00 

WARING (GEO. E., Jr.) Sewerage and Land Drainage. 
Large Quarto. Illustrated with wood-cuts in the text, 
and fulT-page and folding plates. Cloth 6 00 
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WATT (ALEXANDER). Electro- Deposition. A Prac- 
tical Treatise on the Electrolysis of Gold, Silver, 
Copper, Nickel, and other Metals, with Descriptions 
of Voltaic Batteries. Magneto and Dynamo-Electric 
Machines, Thermopiles, and of the Materials and 
Processes used in every Department of the Art, and 
several chapters on Electro-Metallurgy. With num- 
erous illustrations. Third edition,- revised and cor- 
rected. Crown 8vo, 566 pages 3 51 

Electro-Metallurgy Practically Treated. i2mo, 

cloth : 1 00 

WEALE (JOHN). A Dictionary of Terms Used in 
Architecture Building, Engineering, Mining, Metal- 
lurgy, Archaeology, the Fine Arts, etc., with explana- 
tory observations connected with applied Science 
and, Art. 12 ma, cloth 2 50 

WEBB (HERBERT LAWS). A Practical Guide to the 
Testing of Insulated Wires and Cables. Illustrated. 
12010, cloth 100 

tVEISBACH (JULIUS). A Manual of Theoretical Me- 
chanics. Translated from the fourth augmented and 
improved German edition, with an Introduction to 
the Calculus by Eckley B. Coxe, A.M., Mining Engi- 
neer. 1100 pages, and 902 woodcut illustrations. 

8vo, cloth 10 00 

Sheep 11 00 

WEYRAUCH (J. J.) Strength and Calculations of Di- 
mensions of Iron and Steel Construction, with refer- 
ence to the Latest Experiments. 12010, cloth, plates., z 00 

WHIPPLE (S.. C.E.) An Elementary and Practical 

Treatise on Bridge Building. 8vo, cloth 4 oc 

WILLIAMSON (R. S.) On the Use of the Barometer on 
Surveys and Reconnoissances. Part I. Meteorology 
in its Connection with Hypsometry. Part II. 
Barometric Hypsometry. With Illustrative tables 
and engravings. 4X0, cloth 1500 

— Practical Tables in Meteorology and Hypsometry, 

in connection with the use of the Barometer. 4to, 
cloth 250 

WRIGHT (T. W., ProfJ A Treatise on the Adjustment 
of Observations. With applications to Geodetic 
Work, and other Measures of Precision. 8vo, cloth. . . 4 00 

A Text-book of Mechanics for Colleges and Tech- 
nical Schools. i2mo, cloth 250 
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MEM- 



No. W.-8TRENGTH OF WROUGHT-IRON BRIDGE 1 
. . Robinson, C-E. 

No, 61. -POTABLE WATER AND THE DIFFERENT 
METHODS OF DETECTING IMPURITIES. By 
Charles W. Folkhard. 

No. 62— THE THEORY OF THE GAS - ENGINE. By 

ij:ald Clerk. Second edition. With additional 

matter. Edited by F. E. Well, ME. 



Ko. 63.— HOUSE DRAINAGE AND SANITARY PL 
;. By W. P. Gerhard. Six! 
fittd. 



No. 64.— ELECTRO-MAGNETS, 
vised edi u 



■™&\ 



By Th. da Moncel. 2d re- 



No. 65.-POCKET LOGARITHMS TO FOUR PLACES Ol 
JlMALS. 

No. 66. -DYNAMO-ELECTRIC MACHINERY. By S- P. 

Thompson. With notes by F. L. Pope. Third 

edition. 
No. 67.-HYDRAULIC TABLES BASED ON "KUTTER* 

FORMULA/ 1 By P. J. FJynn. 
No. «8. -STEAM-HE ATLNG. By Robert Briggs, Thin 

edition, revised, with additions by A. R. Wolff. 
No. 69. -CHEMICAL PROBLEMS. By Prof. J. C. Foy 
Third edition, revised and enlarged. 
70.— EXPLOSIVE MATERIALS. By M. Bertholet 

.—DYNAMIC ELECTRICITY. By John Hopkinsoi 
J. A. Schoolbred, and R. E. Day. 

—TOPOGRAPHICAL SURVEYING. By George , 
Specht, Prof. A. S. Hardy, John B. McMaster, 
H. F. Walling. 

—SYMBOLIC ALGEBRA; OR, THE ALGEBRA OF 
ALGEBRAIC NUMBERS. By Prof. W. Cain. 

—TESTING MACHINES : THEIR HISTORY, CON- 
STRUCTION, AND USE. By Arthur V. Abbott, 

—RECENT PROGRESS IN DYNAMO-ELECTRIC 
MACHINES. Being a Supplement to Dynamo- 
Electric Machinery. By Pro! Sylvanus P. 
Thompsoi 

—MODERN REPRODUCTIVE GRAPHIC PR< 

CESSES. By Lieut. James S. Pettit, U.S. A. 
-STADIA SURVEYING. The Theory of Si 

Measurements. By Arthur Winslow. 
—THE STEAM-ENGINE INDICATOR, AND 

USE. By W. B. Le Van. 
-THE FIGURE OF THE EARTH. By Frank 

Roberts, C.E. 
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